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A unified form of time-reversal symmetry (TRS) breaking terms in phononic crystals, leading to nontrivial
phononic topology, has been proposed recently, but is contradicted by some other works which introduce gyro-
scopic effect as TRS-breaking. We re-study gyroscopic phononic crystals using Newtonian mechanical method,
and find the correct TRS-breaking term in consistent with the unified form. Applying this term we calculate the
basic topological phononics in a honeycomb lattice. Furthermore, we study nonlinear phonon-phonon scattering
effect on topological phononic edge states by molecular dynamics simulation. Generally edge states are not im-
mune to such scattering effect, but under specific conditions some edge states run into bulk much more slowly,
depending on the parameters of the model. This opens up the potential for effectively suppressing phonon dissi-
pation by tuning the parameters, thereby realizing near-100% efficiency of one-way phonon transport in phonon
devices.
I. INTRODUCTION
The discovery of topological quantum states of matter, like
the quantum (anomalous/spin) Hall [Q(A/S)H] effect, repre-
sents one of the most important achievements in condensed
matter physics [1, 2]. The concept of topology was origi-
nally developed for electrons and has recently been gener-
alized for phonons, leading to findings of novel topological
phononic states and unprecedentedly new ways of controlling
phonons [3, 4]. For instance, the QAH-like states character-
ized by nonzero topological invariant Chern number were pro-
posed in phononic crystals with broken time reversal symme-
try (TRS) [4–6]. This kind of exotic phononic states give one-
way phononic edge states immune to elastic scattering, which
could find important applications in low-dissipation phononic
conduction and high-efficient phononic diode [7].
Various mechanisms have been proposed to break the TRS
of phononic crystals, including Coriolis field, magnetic field
in ionic lattices, and spin-lattice coupling in magnetic mate-
rials [5]. A recent work demonstrated that the TRS-breaking
interactions, when the nonlinear (or anharmonic) part is ne-
glected, can be described in a unified form by a harmonic La-
grangian L′ = ηi ju˙iu j, where u˙i and u j are the velocity and
displacement of the ith and jth degree of freedom, respectively.
Importantly, the coefficient matrix η is real and antisymmet-
ric, so that the Hamiltonian can be Hermitian for ensuring real
eigenvalues and probability conservation [7]. The argument is
in agreement with almost all previous results [4–6]. As the
only known exception, Refs. [8–10] introduced gyroscopic
coupling to break TRS, but their TRS-breaking effect was in-
cluded by an imaginary mass term or equivalently described
by another type of Lagrangian L′′ = αi ju˙iu˙ j, where the coef-
ficient matrix α is imaginary and antisymmetric, in contradict
with the previous argument. This raises a problem: Either the
argument of L′ is not general enough to take gyroscopic cou-
pling into consideration or the result of L′′ is questionable.
In either case, it is worth to revisit the TRS-breaking effect
of gyroscopic phononic crystals that were shown to have the
QAH-like states by Refs. [8–10]. Furthermore, gyroscopic
coupling was treated in the harmonic approximation in the
previous work. The nonlinear interactions that were usually
neglected in most studies are well known to be important in
determining transport properties of bulk phonons. Their influ-
ence on the one-way phononic edge states, however, remains
largely unknown.
In this work, we re-derive the dynamic equations and the
TRS-breaking effect of gyroscopic phononic crystals. We
find that the correct TRS-breaking term is Coriolis-like, thus
allowed by the argument of L′. Applying this term into a
honeycomb lattice, we calculate different topological orders
and one-way phononic edge states induced by various TRS-
breaking field strengths, as previously done by Y. T. Wang et
al [6] in Coriolis field, and draw similar conclusions. To in-
vestigate nonlinear effect on one-way phononic edge states,
we carry out molecular dynamics simulations based on exact
nonlinear dynamic equations of our gyroscopic honeycomb
lattice model, in which we observe the scattering process of
edge states. We see different patterns of scattering process for
different edge states: within certain time scales, some can be
scattered into the bulk, some are scattered mainly into other
edge states, and others are relatively robust against scattering.
By tuning the parameters we can selectively make certain edge
states robust, thus optimal for applications in phonon devices.
II. MODEL OF GYROSCOPIC PHONONIC CRYSTALS
For a general 2D phononic crystal we introduce gyroscopic
coupling by attaching identical gyroscopes to each site. Each
gyroscope can rotate around a fixed point and all fixed points
form a 2D lattice corresponding to the specific crystal, lying
in xy-plane. Site-site interactions are represented by spring
forces between tips of gyroscopes. Figure 1(a) and (b) show
an example of gyroscopic honeycomb lattice with the nearest-
neighbor (NN) and next-nearest-neighbor (NNN) interactions
considered. The orientation of each gyroscope is specified
by Euler angles (φ, θ, ψ), as shown in Fig. 1(c). This model
differs from those studied by Refs. [8–10] only in one aspect:
we consider the gravity of gyroscope and choose z-axis to be
downwards to make the equilibrium positions stable.
For arbitrary motion of a gyroscope, the angular velocity
can be divided into three components: ω = ωp + ωn + ωs,
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2FIG. 1: (a) A gyroscopic phononic crystal in a honeycomb lattice,
in which the nearest-neighbor and next-nearest-neighbor interactions
are considered and indicated by blue and (dark) red lines, respec-
tively. (b) Each site is composed of a gyroscope that rotates around
a fixed point. The fixed points (denoted by the black dots) form a
honeycomb structure in the horizontal xy-plane (shaded yellow). (c)
Structural details of a gyroscope. θ, φ, and ψ are the Euler angles. h
and l indicate the distances to the fixed point O. T andG denote re-
spectively the total spring force and gravity acting on the gyroscope.
The coordinate frame O− x′y′z′ is obtained by rotating O− xyz about
z-axis by φ and then about x′-axis by θ, guaranteeing that x′-axis al-
ways lies in xy-plane and z′-axis always coincides with the axis of
gyroscope.
where ωp = φ˙zˆ, ωn = θ˙xˆ′ and ωs = ψ˙zˆ′ represent precession,
nutation and spin, respectively. The angular momentum with
respect to the fixed point O is given by L = Iω, where I is
the moment of inertia tensor of the gyroscope. Gyroscopes
considered in this study are rotationally symmetric. In the
x′y′z′ coordinate, I = diag{I1, I2, I3} (I1 = I2 = I0) and the
total moment acting on the gyroscope with respect to O is
N = dL/dt, which is expressed as:
Nx′ = I0(θ¨ − φ˙2 sin θ cos θ) + I3φ˙ sin θ(φ˙ cos θ + ψ˙)
Ny′ = I0(φ¨ sin θ + 2φ˙θ˙ cos θ) − I3θ˙(φ˙ cos θ + ψ˙)
Nz′ = I3(φ¨ cos θ − φ˙θ˙ sin θ + ψ¨)
(1)
In comparison, Ref. [10] gave a different result for the same
problem:
Nx′ = I0(θ¨ − φ˙2 sin θ cos θ) + I3φ˙ sin θ(φ˙ cos θ + ψ˙)
Ny′ = sin θ[I0(φ¨ sin θ + 2φ˙θ˙ cos θ) − I3θ˙(φ˙ cos θ + ψ˙)]
Nz′ = I3(φ¨ cos θ − φ˙θ˙ sin θ)
(2)
There are two major contradictions compared to our result:
(i) An extra factor sin θ is added in Ny′ , which we believe is
wrong. The reason is that for small θ, Nx′ is a first-order small
quantity, while Ny′ would be a second-order small quantity
if the extra factor sin θ were included. This contradicts with
the symmetry requirement that Nx′ and Ny′ should be of the
same order. (ii) ψ¨ is neglected in Nz′ by assuming a constant
spinning rate ψ˙. However, the total moment of the spring force
T and gravity forceG is given byN = h×T + l×G. Nz′ = 0
is ensured by the fact that h = hzˆ′ and l = lzˆ′. Thus, it is Ψ =
φ˙ cos θ + ψ˙ instead of ψ˙ that is a time independent constant.
After eliminating the variable ψ by the constant condition, Eq.
(1) becomes:{
Nx′ = I0(θ¨ − φ˙2 sin θ cos θ) + I3Ψφ˙ sin θ
Ny′ = I0(φ¨ sin θ + 2φ˙θ˙ cos θ) − I3Ψθ˙ (3)
In contrast, Refs. [8, 10] employed a constant condition Nx =
Ny = 0, despite the fact that Nx and Ny are obviously nonzero
and crucial to define the equation of motion.
Now we consider the motion of the tip in xy-plane. Let
U = (Ux,Uy)T be the in-plane displacement i.e. the in-plane
projection of h. Following Eq. (3) we derive the in-plane dy-
namic equations without approximation in the supplementary
material (SM) [11]. The exact dynamic equations are:
I0
d
dt
(
z2
d
dt
x
z
)
+ I3Ψy˙ + h (xTz − zTx) + lGx = 0
I0
d
dt
(
z2
d
dt
y
z
)
− I3Ψx˙ + h
(
yTz − zTy
)
+ lGy = 0
(4)
where x = Ux/h, y = Uy/h, z = Uz/h =
√
1 − x2 − y2 and
Tx, Ty and Tz are components of T . Note that under small-θ
approximation x, y and Tz are small quantities and z ≈ 1, the
approximate dynamic equation is given by
U¨ + 2
(
0 −Ω
Ω 0
)
U˙ + gU − T
M
= 0 (5)
where T is the in-plane projection of the total spring force
acting on the site, M =
I0
h2
, g =
lG
I0
and Ω = − I3Ψ
2I0
are
constants.
Note that the spring force is a linear response to the dis-
placement under small-θ approximation, i.e. T = −CU =
−MDU where C and D are respectively the force constant
matrix and the dynamic matrix, a Fourier transform of Eq. (5)
in a unit cell containing two sublattices yields the phononic
secular equation:(
−ω2k − 2iωkη + D˜(k)
)
uk = 0 (6)
where η =

0 −Ω 0 0
Ω 0 0 0
0 0 0 −Ω
0 0 Ω 0
 is the TRS-breaking term in-
duced by gyroscopic effect, D˜(k) = D(k) + g is the 4 × 4 net
dynamic matrix in k-space, and uk =
(
uAx, uAy, uBx, uBy
)
is
the in-plane displacement of A and B sites within a unit cell.
We notice immediately that this is basically the same as the
secular equation in Coriolis field proposed before [6, 7] except
that the finite weight of gyroscope is taken into account here.
Obviously our secular equation is compatible with the gen-
eral discussion of TRS-broken harmonic dynamics given by Y.
Liu et al [7], according to whom the TRS-breaking phononic
secular equation of a harmonic lattice must take the form(
−ω2k − 2iωkη(k) + D(k)
)
uk = 0 where the TRS-breaking
3matrix η(k) is anti-Hermitian and the dynamical matrix D(k)
is Hermitian and semi-positive definite.
All of the gyroscopic models studied in References [8–10]
fit our general model in the case that g = 0. However, their
version of secular equation is(
−ω2kM˜ + C(k)
)
uk = 0 (7)
where M˜ =

M −iα 0 0
iα M 0 0
0 0 M −iα
0 0 iα M
 is their “TRS-broken mass
matrix” and C(k) is the k-space force constant matrix. The
essential difference is that their TRS-breaking term is propor-
tional to ω2k rather than ωk, which is excluded by the dis-
cussion in Ref. [7]. We believe that Eq. (7) is physically
not allowed because it breaks the “particle-hole” symmetry:
if (k, ωk,uk) is a solution, then (−k,−ωk,u∗k) is not a solu-
tion, which prevents real-space displacements from keeping
real. On the other hand, one can easily check that Eq. (6)
preserves the “particle-hole” symmetry.
III. TOPOLOGICAL ORDERS OF HONEYCOMB LATTICE
Now that we have fitted our gyroscopic model for Ref. [7],
we can employ their method to study the phononic band topol-
ogy: to transform Eq. (6) equivalently into a Schro¨dinger-like
equation H(k)ψk = ωkψk, where
H(k) =
(
0 iD1/2(k)
−iD1/2(k) −2iη
)
, ψk =
(
D1/2(k)uk
−iωkuk
)
(8)
and to define Berry curvature and Chern number in analogy to
quantum mechanics [11]. For each band gap, the gap Chern
number is defined as the sum of Chern numbers over all bands
below the gap, to verify the topolgical nature of the gap.
Previous studies have shown phononic topology of honey-
comb lattice under different TRS-breaking mechanisms [4–6].
Here we also apply our theory of gyroscope-coupled lattice vi-
bration to a honeycomb lattice as shown in Fig. 1(a) and (b).
Let a be the NN distance and c1, c2 denote the spring stiff-
ness of NN and NNN couplings, respectively. Without loss
of generality we set the parameters a = M = c1 = 1 and
c2 = g = 0.05. We solve for the phononic dispersion under
various TRS-breaking field strengths and calculate the Chern
numbers of each nondegenerate band.
Figure 2(a)-(d) shows typical phononic dispersions, the cor-
responding Chern numbers and topological nature of band
gaps. When TRS is preserved (i.e. Ω = 0), the four branches
are connected at either Γ or K and K′ thus form a gapless band
structure. As a finite Ω is turned on, the four bands are never
connected with each other, forming 3 finite band gaps. When
Ω reaches a critical value Ω0 =
3c1/(4M)√
3c1/(2M) + g
≈ 0.602,
the LA and LO modes touch at Γ thus close the band gap be-
tween LA and LO. When Ω > Ω0 the gap between LA and
LO reopens but its gap Chern number is changed to 0. All
above are qualitatively precedent in previous study in Coriolis
field [6, 7], except for one difference: at Γ the acoustic bands
do not start from 0, because the gravity of gyroscopes breaks
the continuous translational symmetry (or the acoustic sum
rule), i.e. an overall displacement of the whole lattice does
lead to an increase in potential energy.
As a direct result of non-zero phononic Chern numbers, the
honeycomb lattice is expected to support one-way edge states.
To observe the edge states, we calculate the phonon dispersion
of zigzag honeycomb ribbons with 12 zigzag chains and fixed
boundary condition [i.e. the zigzag chains of the two edges
are fixed] under different Ω’s [Fig. 2(e)-(h)]. When TRS is
preserved, the finite size effect may open a small band gap at
the Dirac points. However the phonon dispersion is gapless
due to the existence of flat edge states (green lines) which is
protected by the pi Berry phase of each Dirac cone [11–13].
When a small Ω is tuned on, the bulk phonon spectrum be-
come gapped but with gapless chiral (one-way) edge states
connecting different bulk bands. As Ω increases, the edge
states connecting bulk LA and LO bands disappear after Ω
exceeds Ω0. All these are consistent with the Chern number
calculation and previous works [6].
IV. NONLINEAR EFFECT ON ONE-WAY EDGE STATES
Previous studies have shown that the topological edge states
are robust against backscatterings induced by lattice boundary
imperfection [8] or disorder [7]. Such backscattering mecha-
nisms scatter phonon by reflection which preserves the fre-
quency of phonon. However, in phononic systems, there is
another important effect—nonlinear effect, also known as an-
harmonic effect—which leads to phonon-phonon interactions.
Whether the topological chiral phonon states remains stable
under nonlinear effects is still an open question, which is es-
sential in determining the phonon transporting ability.
A. Method
We construct a finite honeycomb lattice with fixed bound-
ary, n = 296 moveable sites [Fig. 3(a)] and selected parame-
ters a = c1 = 1, c2 = 0, h = 0.5, I0 = 0.25 (M = 1), g = 0.9
and Ω = 0.3. By solving the linear approximate dynamic
equation we obtain monochromatic vibrational modes of the
form U = U0eiω0t, where U0 = (U 10 , . . . ,U
n
0 ) is normalized,
and U j0 = (U
jx
0 ,U
jy
0 ) stands for the in-plane vibrational com-
plex amplitude vector of the jth site. Due to finite lattice effect
the spectrum ofω0 is actually discrete, and naturally those val-
ues within nontrivial bulk band gaps correspond to vibrational
modes confined to the edge, which we call “edge states”.
We study the nonlinear scattering process of 4 edge states
with ω0 = 1.00535, 1.10228, 1.20023 and 2.00888 by molec-
ular dynamics simulation. The first three lie in the TA/LA
gap and the last one is within LO/TO gap [Fig. 3(e)]. To
4FIG. 2: (a)-(d) The phononic dispersion of gyroscopic honeycomb lattice along the path Γ − K − K′ − Γ under various TRS-breaking effects,
with the Chern numbers labeled on each nondegenerate band: (a) Ω = 0, (b) Ω = 0.3, (c) Ω = Ω0 ≈ 0.602 and (d) Ω = 0.7, and topologically
nontrivial gaps are filled with yellow shade. From the uppermost to the lowermost, the 4 bands are respectively denoted with TO (transverse
optical), LO (longitudinal optical), LA (longitudinal acoustic) and TA (transverse acoustic). (e)-(h) The phononic dispersion of a gyroscope-
coupled graphene nanoribbon with 12 zigzag chains, the leftmost and rightmost of which are fixed, under various TRS-breaking field strengths:
(e) Ω = 0, (f) Ω = 0.3, (g) Ω = Ω0 ≈ 0.602 and (h) Ω = 0.7. The black curves are bulk bands, and the red/blue/green curves correspond to
edge states localized at left/right/both side(s) (we define a vibrational mode to be an edge state if the two side chains contribute more than 50%
of average kenetic energy).
study the edge state with angular frequency ω0, we note that
for the harmonic oscillationU = U0eiω0t, Re(U0) is the initial
displacement and ω0Im(U0) is the initial velocity, and in our
finite lattice we set the initial conditions to be
x j
∣∣∣
t=0 =
0.6
ω0
Re(U j0 )(
z2j
d
dt
x j
z j
)∣∣∣∣∣∣
t=0
= 0.6Im
(
U j0
) (9)
where x j = U j/h = (x j, y j), U j is the in-plane displacement
of the jth site, and z j =
√
1 − x2j − y2j . This initial condition
guarantees that the average vibrational kinetic energy of the
state is fixed under linear approximation. Under this initial
condition, we solve Eq. (4) numerically for the time evolution
of the state from t = 0 to t = 2400pi (≈ 7540) (see the detailed
method in SM [11]).
In order to view the change of vibrational frequency during
the scattering process, we need to analyze the frequency spec-
trum of vibration by Fourier analysis. We define the spectrum
of the jth site around t = t0 to be
X j(ω; t0) =
1
∆T
∫ t0+ ∆T2
t0− ∆T2
x j(t)e−iωtdt (10)
where we set the Fourier analysis range to be ∆T = 160pi
so that the frequency resolution is dω = 2pi/∆T = 0.0125
(we also tried the case of ∆T = 80pi, 240pi, 320pi and 400pi,
and there is no qualitative difference). Also note from the
phononic dispersion [Fig. 3(e)] that the maximum vibrational
frequency we need to observe is below ωm = 2.5, according to
Nyquist-Shannon sampling theorem, a discretization by time
interval dt < pi/ωm = 0.4pi allows for reconstruction of the
whole frequency spectrum. Thus in Eq. (10) we use summa-
tion to approximate the integration by setting dt = 0.2pi.
Moreover, we select ne = 98 sites near the boundary, whose
indexes form edge set, to represent edge vibration. We also se-
lect nb = 70 sites in the bulk, whose indexes form bulk set, to
represent bulk vibration, as indicated in Fig. 3(a). We define
the edge spectrum around t0 to be
Xe(ω; t0) =
√
1
ne
∑
j∈edge set
∣∣∣X j(ω; t0)∣∣∣2 (11)
and define the bulk spectrum similarly.
B. Results
Figure 3(b)-(d) show snapshots of evolution of the edge
state ω0 = 1.00535 at t = 480pi, 1280pi and 2080pi. For other
edge states please see SM [11]. The vibrations of edge states
with ω0 = 1.00535, 1.20023 and 2.00888 mostly keep con-
fined at the edge, yet that with ω0 = 1.1 dissipates a lot into
the bulk.
Edge and bulk spectra for evolution of the edge state ω0 =
1.00535 around t0 = 480pi, 1280pi and 2080pi are presented in
Fig. 3(f)-(h), and those for other edge states are presented in
the SM [11]. For evolution of the edge state ω0 = 1.00535,
5FIG. 3: (a) A finite honeycomb lattice with 404 sites. The 108 gray circles represent fixed sites, serving as fixed boundary and edge defect, and
all the others are moveable. The red circles (blue circles in the gray rectangular shade) are chosen to represent edge (bulk) vibration. (b)-(d)
Snapshots of evolution of the edge state with ω0 = 1.00535 at (b) t = 480pi, (c) t = 1280pi and (d) t = 2080pi. (e) The bulk phononic dispersion
under our chosen parameters, with the nontrivial gaps shaded in yellow. (f)-(h) The edge and bulk vibration spectra of evolution of the edge
state with ω0 = 1.00535 around (f) t0 = 480pi, (g) t0 = 1280pi and (h) t0 = 2080pi.
FIG. 4: The time evolution of spectrum peaks in the systems under monochromatic edge inputs: (a) ω0 = 1.00535, (b) ω0 = 1.10228, (c)
ω0 = 1.20023 and (d) ω0 = 2.00888.
we see two peaks at ω = ω0 and ω = 2ω0 in edge spectra and
no peak in bulk spectra. For ω0 = 1.10228, we first see two
peaks at ω0 and 2ω0 in the edge spectrum and one peak at 2ω0
in the bulk spectrum. Then as t0 increases, peaks at ω ≈ 0.9,
ω ≈ 1.3, ω ≈ 1.8 and ω ≈ 2.0 emerge. For ω0 = 1.20023, we
only see one peak at ω0 and a very small peak at 2ω0 in edge
spectra and nothing in bulk spectra. For ω0 = 2.00888, most
of the time there is only one peak at ω0 in the edge spectrum
and a very small peak at ω0 in the bulk spectrum. After a
relatively long time, several small peaks around ω0/2 emerge,
of which the nearest two to ω0/2 play the major role.
Furthermore, we plot the time evolution of height of the
peaks at ω0 and 2ω0 for the three TA/LA edge states in
Fig. 4(a)-(c), and plot those of peaks at ω0 and nearest to
ω0/2 in Fig. 4(d). We see a periodical variation in level of
ω0 = 1.00535 with period slightly less than 2000, an unsteady
decline in level of ω0 = 1.10228, a nearly constant level of
ω0 = 1.20023 and a steady level of ω0 = 2.00888 that can
maintain for a finite time.
C. Discussion
The nonlinear part of lattice dynamic equations are well-
known to give rise to phonon-phonon scattering process. With
relatively small vibrational amplitude, 3-phonon processes
6TABLE I: Theoretically allowed 3-phonon processes of monochro-
matic input ω0, indicated by
√
.
ω0 1.00535 1.10228 1.20023 2.00888
ω0 + ω0 → 2ω0 √ √
2ω0 + ω0 → 3ω0
splitting of ω0
√
splitting of 2ω0
√ √
ω0 collides with
splitted phonons
√ √
2ω0 collides with
splitted phonons
play the major role of the scattering effect. For a monochro-
matic input with angular frequency ω0, there can be two
kinds of primary 3-phonon processes: collision between two
phonons, which gives
ω0 + ω0 → 2ω0
and splitting of a single phonon, which makes two phonons,
one of which must have its angular frequency no larger than
ω0/2. Further processes may include further collision like
2ω0 + ω0 → 3ω0, and splitting of 2ω0, etc. Some of these
processes may be prohibited due to restriction on vibrational
frequency by phononic dispersion. For the 4 inputs investi-
gated in this study, all 3-phonon scattering processes that are
theoretically allowed by the phononic dispersion are indicated
in Table I.
Now we focus on the case of ω0 = 2.00888. Though the
splitting channel is theoretically allowed, the observed result
is that the edge state splits mainly into other edge states rather
than bulk states. To understand this, we note that the overlap
between wavefunctions of edge states and bulk states, as well
as those between edge states and edge states, is confined to
edge. Due to normalization of wavefunctions, we can expect
the “scattering matrix element” between edge and bulk states
to be much smaller than that between edge and edge states.
Another feature we see is that the splitting process takes a
larger time scale than colliding processes, but occurs much
more abruptly.
For the other three cases ω0 = 1.00535, 1.10228 and
1.20023, the splitting channel is prohibited, thus we consider
the collision which makes 2ω0. For ω0 = 1.20023, 2ω0 is
beyond all the bands, thus collision is also prohibited and no
3-phonon process occurs, which is in consistent with our ob-
servation of constant level of ω0 vibration. The tiny peak at
2ω0 is due to the fact that the vibration is not exactly sinu-
soidal in anharmonic potential, which leads to high-frequency
components. As for ω0 = 1.10228, 2ω0 is within the TO band
thus is a bulk state, accounting for our observation that the
edge state dissipates into the bulk. This bulk state, in turn,
splits into other states which also include bulk ones, and then
further collision occurs, etc, giving all the peaks we see in the
spectrum.
For ω0 = 1.00535, 2ω0 lies in the LO/TO gap thus is still
confined to the edge. According to our previous argument fur-
ther splitting process of 2ω0 will also create edge states. This
is indeed the case according to our simulation, since the fluc-
tuation can be explained as oscillation of the reversible pro-
cess ω0 + ω0 ↔ 2ω0. What is different is that the time scale
for the splitting process is much smaller. A presumable infer-
ence is that the existence of ω0 phonons can help to stimulate
the splitting of 2ω0, in analogy to the induced radiation of
atoms. To understand from an alternative perspective, due to
the “particle-hole” symmetry, the existence of ω0 phonons in-
dicates the existence of “holes” with angular frequency −ω0,
which collide with 2ω0 phonons making ω0 phonons. In addi-
tion, the periodicity may be explained by a long-period vari-
ation of coupling coefficient, whose period can be estimated
by pi/(2× 1.00535− 2.00888) ≈ 1726 (the anharmonic pertur-
bation on vibrational frequency may affect this period signif-
icantly, depending on the amplitude). In other words, the pe-
riodicity may result from detuning between 2ω0 and 2.00888,
brought about by finite lattice effect. In an infinitely long rib-
bon, since frequency distribution of edge modes is continu-
ous, an edge state with angular frequency ω0 may couple with
a range of states around 2ω0 by different detuning effects. The
range in frequency gives rise to finite phonon lifetime.
In a general TRS-broken nonlinear phononic crystal, the
possible behaviors of a small-amplitude topological edge state
with angular frequency ω0 fall into 3 cases:
(i) If 2ω0 is within a topologically trivial gap (not consid-
ered in our finite lattice model) or outside any bulk band, and
in the meanwhile no nontrivial gap is below 2ω0, then colli-
sion is prohibited and splitting is also suppressed. In this case
the edge state is the most robust against nonlinear scattering,
thus is a desirable candidate for application in energy conduc-
tion and signal transmission in phonon devices. E.g. the edge
state with ω0 = 1.20023 in our finite system.
(ii) If 2ω0 is within a nontrivial gap and/or there is non-
trivial gaps below ω0 allowing for splitting into edge states,
with the same sign of gap Chern numbers, then the edge
state is not robust but still keeps confined to the edge and
maintains its transport direction. Such edge states, with near-
zero dissipation, may also be used for energy transport. E.g.
ω0 = 1.00535 and 2.00888 in our system.
(iii) If 2ω0 is within a bulk band, then the state is not robust
and easily dissipates into the bulk. E.g. ω0 = 1.10228 in our
system, as observed in the molecular dynamics simulation.
What we need to point out is that robustness against or sen-
sitiveness to nonlinear scattering is not a result of the state’s
topological nature, unlike robustness against defect or disor-
der. Actually any state will evolve to thermal equilibrium after
sufficiently long time. The difference is only a matter of time
scale needed for the scattering or dissipation process. The di-
rect determinant is the phononic dispersion, as we have seen
from the above argument. However, by tuning the parameters
of lattice, like the spring coupling constant, etc, we can change
the phononic dispersion to make certain edge states satisfy the
robust or dissipationless conditions discussed above in (i) and
(ii), realizing selective transport of edge states. While this
may be difficult to realize in natural materials, this can be done
in artificially designed metamaterials.
7Low-dissipation transport of nonlinear topological
phononic edge states may find their importance in future
devices like low-power one-way phonon waveguides and
phonon diodes [7]. There are mainly two required conditions
for such phonon devices to work with near-zero resistance:
i. Relatively small vibrational amplitude If the ampli-
tude is large, then the 4-phonon processes and those involving
more phonons will become as significant as 3-phonon pro-
cesses. Those multi-phonon processes are much more likely
to produce high diversity of edge and bulk phonons.
ii. Low temperature If the temperature is not low enough,
then there are lots of background phonons in thermal equi-
librium, ranging all over the bands, which can scatter off the
edge states, leading to a thermal resistance in analogy to elec-
tric resistance in metals.
V. CONCLUSION
We have demonstrated that the TRS-breaking term of gyro-
scopic phononic crystals is equivalent to a Coriolis field, solv-
ing a contradiction left by Refs. [8–10] and confirming the
universality of Ref. [7]’s general argument on TRS-breaking
terms. Furthermore, we have revealed the unrobust nature of
one-way topological phononic edge states against nonlinear
phonon-phonon scattering effect and specified some condi-
tions under which some edge states are more robust or un-
likely to be dissipated into bulk, as tested by the molecular
dynamic simulation. This inspires an idea of suppressing the
scattering process while designing the materials to be used for
phonon devices.
Most importantly, our work may open up a new researching
subject dealing with nonlinear effect on topological phononic
states. This work only provides very basic ideas and a lot of
further theorizations, calculations and simulations are still re-
quired, such as to calculate the phonon lifetime, to predict the
phononic resistance-temperature characteristic of edge states,
or whether edge states can be localized to solitons, etc.
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Supplementary materials to One-way topological edge states in nonlinear gyroscopic phononic crystals
I. EXACT DYNAMIC EQUATIONS AND METHOD FOR NUMERICAL SOLUTION
Now that in the main text we have obtained the expression for the momentN under O − x′y′z′ coordinates:
Nx′ = I0(θ¨ − φ˙2 sin θ cos θ) + I3Ψφ˙ sin θ
Ny′ = I0(φ¨ sin θ + 2φ˙θ˙ cos θ) − I3Ψθ˙
Nz′ = 0
(12)
we transform it into O − xyz coordinates:{
Nx = I0(θ¨ cos φ − φ˙2 cos φ sin θ cos θ − φ¨ sin φ sin θ cos θ − 2φ˙θ˙ sin φ cos2 θ) + I3Ψ(φ˙ cos φ sin θ + θ˙ sin φ cos θ)
Ny = I0(θ¨ sin φ − φ˙2 sin φ sin θ cos θ + φ¨ cos φ sin θ cos θ + 2φ˙θ˙ cos φ cos2 θ) + I3Ψ(φ˙ sin φ sin θ − θ˙ cos φ cos θ) (13)
According to our definition of the “reduced displacement” x = Ux/h = sin φ sin θ and y = Uy/h = − cos φ sin θ, it can be checked
by some calculation that Eq. (13) is equivalent to the following expressions (here we assume θ < pi/2 so that
√
1 − x2 − y2 =
cos θ): 
Nx = −I0 ddt
(1 − x2 − y2) ddt y√1 − x2 − y2
 + I3Ψx˙
Ny = I0
d
dt
(1 − x2 − y2) ddt x√1 − x2 − y2
 + I3Ψy˙ (14)
8From the force analysisN = h × T + l ×G we have:
Nx = h
(
yTz −
√
1 − x2 − y2Ty
)
+ lGy
Ny = h
(√
1 − x2 − y2Tx − xTz
)
− lGx
(15)
Combining Eqs. (14) and (15), we get the exact dynamic equations for an arbitrary site labelled by the ith (1 ≤ i ≤ n, n is the
total number of moveable sites):
I0
d
dt
(1 − x2i − y2i ) ddt xi√1 − x2i − y2i
 + I3Ψy˙i + h
(
xiT iz(xk, yk) −
√
1 − x2i − y2i T ix(xk, yk)
)
+ lGxi = 0
I0
d
dt
(1 − x2i − y2i ) ddt yi√1 − x2i − y2i
 − I3Ψx˙i + h
(
yiT iz(xk, yk) −
√
1 − x2i − y2i T iy(xk, yk)
)
+ lGyi = 0
(16)
where (xk, yk) stands for (x1, y1, . . . , xn, yn).
To solve the equations numerically, we first transform the second-order differential equations equivalently to first-order ones
by introducing 2n auxiliary variables, ξi and ηi (1 ≤ i ≤ n):
ξi = (1 − x2i − y2i )
d
dt
xi√
1 − x2i − y2i
ηi = (1 − x2i − y2i )
d
dt
yi√
1 − x2i − y2i
(17)
From Eq. (17) we can solve for x˙i and y˙i: 
x˙i =
(1 − x2i )ξi − xiyiηi√
1 − x2i − y2i
y˙i =
(1 − y2i )ηi − xiyiξi√
1 − x2i − y2i
(18)
A substitution of Eqs. (17) and (18) into Eq. (16) yields
I0ξ˙i + I3Ψ
(1 − y2i )ηi − xiyiξi√
1 − x2i − y2i
+ lWxi + hT iz(xk, yk)xi − h
√
1 − x2i − y2i T ix(xk, yk) = 0
I0η˙i − I3Ψ
(1 − x2i )ξi − xiyiηi√
1 − x2i − y2i
+ lWyi + hT iz(xk, yk)yi − h
√
1 − x2i − y2i T iy(xk, yk) = 0
(19)
Equations (18) and (19) together give the first-order version of dynamic equations, which is technologically no difficult for
computers to solve numerically. Here for the study of vibrational mode U = U0eiω0t, the initial conditions are set by (xi, yi)|t=0 =
0.6
ω0
Re(U i0)
(ξi, ηi)|t=0 = 0.6Im(U i0)
(20)
II. INTRODUCTION TO PHONONIC TOPOLOGY
Now that we have the Schro¨dinger-like equation [7] H(k)ψnk = ωn(k)ψnk for the nth band, we define the Berry connection
(assume normalized ψnk)
An(k) = iψ
†
nk∇kψnk (21)
9and the Berry curvature
Bn(k) = ∇k ×An = i∇kψ†nk × ∇kψnk (22)
The gauge-invariant calculation formula for Berry curvature is
Bn(k) = i
∑
m,n
ψ†nk(∇kH)ψmk × ψ†mk(∇kH)ψnk
(ωn(k) − ωm(k))2
(23)
where the summation is over all positive and negative bands other than the nth. The Chern number of the nth band of a 2-
dimensional lattice is defined as
Cn = 12pi
∫
BZ
Bn(k)d2k (24)
Since it can be proven that Cn is always an integer, the Chern number describes an important topological property of the band.
In a finite lattice system, nontrivial topological properties can lead to one-way edge vibrational modes within bulk gaps, whose
chirality is determined by the sign of gap Chern number. If the gap Chern number is zero, then no edge state is in the gap.
Under spatial inversion symmetry (SIS), we have ωn(−k) = ωn(k) and Bn(−k) = Bn(k); under time-reversal symmetry
(TRS), η(k) = 0, ωn(−k) = ωn(k), Bn(−k) = −Bn(k) and all the Chern numbers vanish. Thus in order to realize nonzero Chern
number, we must break TRS; if we want nonzero Berry curvature, we need to break either SIS or TRS.
The quantization of Berry phase over 1D BZ (known as Zak phase [13]) under inversion symmetry in 1D lattice also has
profound topological significance. P. Delplace et al [12] generalized Zak phase to 2D graphene lattice, in which they focused on
the Berry phase along a certain direction in BZ over one period and showed a relationship between Zak phase and the existence
of edge states in nanoribbons without TRS breaking. Here we give a brief talk on the adoption of Zak phase theory into our
phononic system, which may help account for the flat edge states we find between LO and LA bands under preserved TRS.
As one can easily show that under preserved TRS the Berry connection has a simple form of An(k) = iu
†
nk∇kunk (assume
unk = (uk,Ax, uk,Ay, uk,Bx, uk,By)T to be normalized), by definition the Zak phase along x direction as a function of ky is
Zn(ky) = i
∫ Gx
2
Gx
2
u†nk
∂unk
∂kx
dkx (25)
where Gx is the total width of 1st BZ in x direction. Note that the system displays mirror symmetry about y-axis, which
is the generalization of 1D inversion symmetry, it can be shown that Zn(ky) must be an integer multiple of pi (assume x-
direction periodicity in k-space i.e. un(kx+Gx,ky) = un(kx,ky)). Moreover, any gauge transform unk → eiζn(k)unk that respects the
x-direction k-space periodicity only changes the Zak phase by multiples of 2pi. Therefore, the remainder ofZn(ky) modulo 2pi is
a gauge-invariant topological number. In a nanoribbon with large but finite size in x-direction, Zn(ky) ≡ pi indicates edge states
corresponding to the along-edge wavevector ky while Zn(ky) ≡ 0 indicates no edge states. Since the singularity at each Dirac
point contributes a Berry phase of pi, a topological transition occurs when ky is swept over the y-axis projection of a Dirac point.
Specifically Zn(ky) modulo 2pi changes from pi to 0 when ky increases and exceeds Ky (the y-coordinate of the Dirac point K).
This is why in ky-space all the flat edge states are found between Ky and K′y.
When TRS is broken, the mirror symmetry is also broken because under mirror operation the TRS-breaking field changes its
sign. In this case Zak phase is no longer quantized and the edge states become associated with Chern number rather than Zak
phase.
III. ADDITIONAL RESULTS FOR SIMULATION AND SPECTRUM ANALYSIS
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FIG. S5: (a)-(c) Snapshots of evolution of the edge state with ω0 = 1.10228 at (a) t = 480pi, (b) t = 1280pi and (c) t = 2080pi. (d)-(f) The edge
and bulk vibration spectra of evolution of the edge state with ω0 = 1.10228 around (d) t0 = 480pi, (e) t0 = 1280pi and (f) t0 = 2080pi.
FIG. S6: (a)-(c) Snapshots of evolution of the edge state with ω0 = 1.20023 at (a) t = 480pi, (b) t = 1280pi and (c) t = 2080pi. (d)-(f) The edge
and bulk vibration spectra of evolution of the edge state with ω0 = 1.20023 around (d) t0 = 480pi, (e) t0 = 1280pi and (f) t0 = 2080pi.
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FIG. S7: (a)-(c) Snapshots of evolution of the edge state with ω0 = 2.00888 at (a) t = 480pi, (b) t = 1280pi and (c) t = 2080pi. (d)-(f) The edge
and bulk vibration spectra of evolution of the edge state with ω0 = 2.00888 around (d) t0 = 480pi, (e) t0 = 1280pi and (f) t0 = 2080pi.
